We calculate the complete next-to-leading order (NLO) QCD corrections to the Z 0 H 0 production in association with a jet at the LHC. We study the impacts of the NLO QCD radiative corrections to the integrated and differential cross sections and the dependence of the cross section on the factorization/renormalization scale. We present the transverse momentum distributions of the final Z 0 -, Higgs-boson and leading-jet. We find that the NLO QCD corrections significantly modify the physical observables, and obviously reduce the scale uncertainty of the LO cross section. The QCD K-factors can be 1.183 and 1.180 at the √ s = 14 T eV and √ s = 7 T eV LHC respectively, when we adopt the inclusive event selection scheme with p cut T,j = 50 GeV , m H = 120 GeV and µ = µ r = µ f = µ 0 ≡ 1 2 (m Z + m H ). Furthermore, we make the comparison between the two scale choices, µ = µ 0 and µ
Introduction
The standard model (SM) is a non-Abelian gauge theory and most of its predictions have been perfectly confirmed by the present precise experimental data except the Higgs-boson, which explains the mechanism of mass generation and is believed to be responsible for the breaking of the electroweak symmetry [1] [2] [3] [4] . Therefore, one of the primary tasks for the CERN Large Hadron Collider (LHC) is to discover the Higgs-boson. Correspondingly, major efforts have been concentrated on devising method for Higgs-boson search. The four LEP collaborations have established the lower bound of the SM Higgs mass as 114.4 GeV at the 95% confidence level [5] . The CDF and D0 experiments at the Fermilab Tevatron have ruled out the SM Higgs boson with mass between 156 and 177 GeV at 95% confidence level (CL) [6] . The ATLAS and CMS experiments at the LHC have excluded most of the m H ranges 146 − 466 GeV and 145 − 400 GeV in latest reports [7] and [8] respectively, at 95% CL. The present LHC data are not yet sensitive to the region around m H ∼ 120 GeV favored by the SM fit to electroweak precision data [9] . Not long ago, the ATLAS and CMS experiments at the LHC have provided the upper limit of the SM Higgs mass as 130 GeV and 127 GeV at 95% CL respectively, and there are several Higgs like events around the locations of m H ∼ 126 GeV (ATLAS) and m H ∼ 124 GeV (CMS) [10] [11] . Further searching for Higgs boson and studying the phenomenology concerning its properties are still the important tasks for the present and upcoming high energy colliders.
There are several Higgs search channels, such as: gluon fusion (gg → H 0 ) induced mainly by a top-quark loop [12, 13] , weak boson fusion (WBF) [14] , top-quark associated production (ttH 0 ) [15] , and weak boson associated production (V H 0 (V = W ± , Z 0 )) [16] [17] [18] . Among these channels, the V H 0 (V = W ± , Z 0 ) associated production processes are promising channels at low Higgs mass region. Although the production rates of the V H 0 (V = W ± , Z 0 ) associated production processes are several times lower than that of the gluon fusion channel, these association productions become available for Higgs searching by using the techniques of jet reconstruction, b-tagging and lepton identification [19] [20] [21] [22] . Furthermore, the V H 0 (V = W ± , Z 0 ) associated production processes also provide unique information on the couplings between Higgs and vector gauge-bosons. Recently, the calculations of the QCD O(α s ) and electroweak O(α ew ) corrections to the Higgs production processes pp/pp → W ± H 0 /Z 0 H 0 + X at the Tevatron and LHC were presented in Refs. [23] [24] [25] [26] [27] and Ref. [18] , respectively. The NNLO QCD corrections to the SM Higgsboson production processes associated with a vector boson at hadron colliders have been calculated in Ref. [16, 28] . In Ref. [28] it concluded that the NNLO QCD corrections to the Z 0 H 0 /W ± H 0 production processes at the Tevatron and the LHC increase the cross sections by the order of 5 − 10% , while the electroweak O(α ew ) corrections have been turned out to be negative and about −5% or −10% depending on whether the weak couplings are derived from G µ or α ew (m 2 Z ), respectively [18] . Therefore, after the inclusion of these corrections, the remaining uncertainties for the Z 0 H 0 /W ± H 0 production processes should be dominated by factorization/renormalization scale dependence and parton distribution functions.
As we known, the experimental environment at hadronic collider is extremely complicated. The V H 0 (V = W ± , Z 0 ) associated production signals at the LHC are normally accompanied by multi-jets in final state. Therefore, it is very necessary to have a good understanding of these multi-body final state processes. That requires sufficiently precise predictions for the V H 0 (V = W ± , Z 0 ) associated production signals and their backgrounds with multi-jets in final state which cannot entirely be separated in experimental data. Actually, the inclusive V H 0 (V = W ± , Z 0 ) associated production signals include any number of additional jets unless otherwise stated. In this sense the V H 0 + jet (V = W ± , Z 0 ) productions are part of the inclusive V H 0 (V = W ± , Z 0 ) productions, and theoretically V H 0 +jet production at the next-to-leading order (NLO) QCD is part of the V H 0 production process at the QCD next-to-next-to-leading order (NNLO). The process pp → W ± H 0 j + X at hadron colliders including the complete NLO QCD corrections, which are part of the NNLO QCD correction to the pp/pp → W ± H 0 + X process, have been calculated in Ref. [29] .
In this paper, we present the calculations for the process pp → Z 0 H 0 j + X at the LHC up to the NLO in the QCD. The paper is organized as follows: In Sec.2, we describe the calculations of the tree-level cross section and the QCD NLO corrections for the pp → Z 0 H 0 j + X process at the LHC. The numerical results and discussions are presented in Sec.3. A short summary is given in Sec.4. Finally, we provide some analytical expressions for the amplitudes of the LO and real emission partonic processes in Appendix.
Calculations

A. LO calculations
The LO cross section for the pp → Z 0 H 0 j +X parent process involve following partonic processes:
2) 
(1) and (2) are the LO diagrams for the partonic process
The LO total cross section for the parent process pp → Z 0 H 0 j + X can be expressed as
Here kl = qq, qg,qg, (q = u, d, c, s, b), AB = pp and µ f is the factorization scale. x A (x B ) describes the probability to find a parton k(l) in proton A(B) defined as
Here P A and P B are the four-momenta of the corresponding protons. G k(l)/A(B) are the LO parton distribution functions (PDFs) for parton k(l) in a proton.
B. NLO QCD corrections
Throughout our calculations, we take the 't Hooft-Feynman gauge except when we verify the gauge invariance. In the NLO QCD calculations we adopt the dimensional regularization (DR) method in D = 4 − 2ǫ dimensions to isolated the UV and IR singularities and the modified minimal subtraction (M S) scheme to renormalize the colored fields. The one-loop diagrams are essentially obtained from the tree-level diagrams of related partonic processes (2.1)-(2.3) and generated by means of the FeynArts3.5 package [30] . The amplitudes are further analytically simplified by the modified FormCalc programs [31] . The reduction of a tensor integral to the lower-rank tensor and further to scalar integral is done with the help of the LoopTools library [31, 32] and the FF package [33] . There the dimensionally regularized 3-and 4-point integrals with soft or collinear singularity have been added to this library [34, 35] . The output amplitudes are numerically evaluated by using our developed Fortran subroutines for calculating N-point integrals and extracting the remaining finite ǫ × 1 ǫ terms. The NLO QCD corrections to the parent process pp → Z 0 H 0 j + X involve following components:
• The virtual contribution to the partonic channels (2.1), (2.2) and (2.3) from the QCD one-loop and the corresponding counterterm diagrams.
• The contribution of the real gluon emission partonic processes.
• The contribution of the real light-(anti)quark emission partonic processes.
• The corresponding contribution of the PDF counterterms.
The one-loop QCD contribution to the pp → Z 0 H 0 j + X process contains both ultraviolet (UV) and soft/collinear infrared (IR) singularities, but the total virtual correction contributed by both the one-loop QCD and the corresponding counterterm diagrams is UV finite after performing the renormalization procedure. Nevertheless, it still contains soft/collinear IR singularity which can be canceled by adding the contributions of the real emission partonic processes and the corresponding PDF counterterms.
The virtual corrections to the partonic processes→ Z 0 H 0 g, qg → Z 0 H 0 q and qg → Z 0 H 0q can be expressed as The real gluon/light-(anti)quark emission partonic processes are obtained from 0 → Z 0 H 0 ggqq and 0 → Z 0 H 0′ q ′ by all possible crossings of (anti)quarks and gluons into the initial state. All the real gluon/light-(anti)quark emission partonic processes are presented in the following:
14) 16) where q, q ′ = u, d, c, s, b. There are totally 95 real emission partonic channels, and these tree-level partonic processes contain both soft and collinear IR singularities. After the summation of the renormalized virtual corrections with all the real partonic emission corrections, the result is soft IR-safe, but still contains remained collinear divergence. It will be totally IR-safe when we include the contributions from the collinear counterterms of the PDFs.
As a demonstration we show in Figs.2(a-h) the tree-level Feynman diagrams for the real emission partonic process qg → Z 0 H 0 qg. We adopt the two cutoff phase space slicing (TCPSS) method [36] to isolate the IR singularities by introducing two cutoff parameters δ s and δ c . An arbitrary small δ s separates the four-body final state phase space into two regions: the soft region (E 6 ≤ δ s √ŝ /2) and the hard region (E 6 > δ s √ŝ /2). The δ c separates hard region into the hard collinear (HC) region and hard noncollinear (HC) region. The criterion for separating the HC region is described as follows: the region for real gluon/light-(anti)quark emission withŝ 16 
is called the HC region. Otherwise it is called the HC region. Then the cross section for each of the real emission partonic processes (2.9) can be written aŝ
After combining the renormalized virtual corrections with the contributions of the real gluon/light-quark emission processes and the PDF counterterms δG q(g)/P together, the UV and IR singularities are exactly vanished. These cancelations can be verified numerically in our numerical calculations.
Numerical results and discussions
In this section we present and discuss the numerical results for the LO and QCD NLO corrected observables for the pp → Z 0 H 0 j + X process at the early ( √ s = 7 T eV ) and future ( √ s = 14 T eV ) LHC. We take the CTEQ6L1 PDFs with a one-loop running α s in the LO calculations and the CTEQ6M PDFs with a two-loop running α s in the NLO calculations, separately [4, 37] . The number of the active flavors is taken as N f = 5 and the QCD parameters are set as Λ LO
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= 165 M eV and Λ M S
= 226 M eV for the LO and NLO calculations, respectively. For simplicity we define the factorization scale and the renormalization scale being equal (i.e.,µ = µ f = µ r ) and take µ = µ 0 = (3.1) As we know that the final state of the pp → Z 0 H 0 j + X process contains only one jet at the LO, while it involves both one-jet and two-jet events in final state up to the QCD NLO. The NLO virtual correction, the real soft emission and hard collinear emission processes include one-jet events, while the real hard noncollinear gluon/light-(anti)quark emission processes include two-jets events. In our calculations we apply the jet recombination procedure of Ref. [39] in the definition of the tagged hard jet with R = 1. That means when two proto-jets in the final state satisfy the constraint of ∆y 2 + ∆φ 2 < R ≡ 1, where ∆y and ∆φ are the differences of pseudo-rapidity and azimuthal angle between the two proto-jets, we merge them into one new 'jet' and call it as one-jet event, the new 'jet' four-momentum is defined as p ij,µ = p i,µ + p j,µ . After applying the jet recombination procedure to the proto-jet events of the pp → Z 0 H 0 j + X up to the QCD NLO, we obtain the one-jet events and two-jet events. As shown in Ref. [40] , the QCD NLO corrections to the total cross sections at hadron colliders are generally very large and could destroy the convergence of perturbative description, due to the fact that the contributions from NLO real emission subprocesses are taken into account. In order to know how to get the modest corrections and reduce the scale uncertainty, we adopt both the inclusive and exclusive two-jet event selection schemes for comparison. In the following we present detailed criterions for selecting the one-jet and two-jet events.
(1) For the one-jet events, we collect the events with the constraint on the jet as p (j) T > p cut T,j = 50 GeV . (2) For the two-jet events, we treat the two jets either inclusively or exclusively. The inclusive and exclusive two-jet event selection schemes are declared as follows:
• In the inclusive two-jet event selection scheme (Scheme I) both one-and two-jet events are included, and the constraint of p • In the exclusive two-jet event selection scheme (Scheme II), the one-jet events with p The verifications of the correctness of our calculations are made in the following ways: (1) The LO calculations for the process pp → ug → Z 0 H 0 u + X with √ s = 14 T eV are performed by using the FeynArts3.5/FormCalc6.0 packages and CompHEP-4.4p3 program [45] , and applying the Feynman and unitary gauges, separately. All the results are in good agreement within the statistic errors.
(2) The virtual correction and the real gluon/light-(anti)quark emission correction to the pp → Z 0 H 0 j + X process at the LHC were evaluated twice independently based on different codes, and they yield results in mutual agreement. (4) The independence of the NLO QCD correction to the pp → Z 0 H 0 j + X process on the soft cutoff δ s and collinear cutoff δ c is proofed. There we apply the Scheme I for two-jet event selection, and take √ s = 14 T eV , µ = µ 0 , m H = 120 GeV and δ c = δ s /50.
We find the total NLO QCD correction ∆σ N LO does not depend on the arbitrarily chosen value of δ s and δ c within the calculation errors. In the following numerical calculations, we fix δ s = 5 × 10 −4 and δ c = δ s /50.
In Figs.3(a,b) we depict the dependence of the LO, NLO QCD corrected cross sections and the corresponding K-factor for the pp → Z 0 H 0 j + X process on the renormalization/factorization scale (µ) at the √ s = 14 T eV and √ s = 7 T eV LHC, by adopting the inclusive and exclusive event selection schemes, separately. Figs.3(a) and (b) show that the LO curves go down quickly with the scale running from 0.2 µ 0 to 5µ 0 , while the renormalization/factorization scale dependence is obviously reduced by the NLO QCD corrections in both inclusive and exclusive event selection schemes. The scale uncertainty is defined as η = max{σ(µ)}−min{σ(µ)} max{σ(µ)}+min{σ(µ)} , where µ ∈ [0.2µ 0 , 5µ 0 ]. We can find that at the √ s = 14 T eV LHC with the inclusive event selection scheme (Scheme I), the scale uncertainty η is reduced from 25.9% (LO) to 11.7% (NLO) as shown in Fig.3(a) . At the √ s = 7 T eV LHC with the inclusive event selection scheme, the scale uncertainty is reduced from 35.8% (LO) to 10.7% (NLO) as shown in Fig.3(b) . Figs.3(a,b) show also when we apply the exclusive event selection scheme (Scheme II), the NLO QCD corrections can reduce the scale uncertainty from 35.8% (LO) to 5.9% and 9.7% (NLO) with √ s = 14 T eV and 7 T eV , respectively. We can also see that the K-factor varies between 0.996 (0.69) and 1.46 (1.55) at √ s = 14 T eV (7 T eV ) by adopting the inclusive event selection scheme, and between 0.50 (0.35) and 1.27 (1.42) at √ s = 14 T eV (7 T eV ) by adopting the exclusive event selection scheme in the plotted range of µ. Comparing the curves in Figs.3(a,b) , we can see the different line shapes for the two curves labeled with 'NLO(I)', which are for the cross sections obtained by adopting the inclusive scheme (Scheme I) at the √ s = 14 T eV and √ s = 7 T eV LHC, respectively. That difference comes from that the NLO QCD correction component (σ HC ) of the non-collinear real hard emission correction at the √ s = 14 T eV LHC is proportional to α 2 s (µ), and its contribution to integrated cross section is much larger than that at the √ s = 7 T eV LHC. Therefore, the line shape for √ s = 14 T eV in Fig.3(a) shows the cross section adopting the inclusive scheme is going down with the increment of the scale.
In Table 1 , we list the numerical results for the LO, NLO QCD corrected cross sections and the corresponding K-factor (K ≡ N LO ) are all sensitive to the scale choices, and the difference between the NLO QCD corrected cross sections obtained by taking µ = µ 0 and µ = µ 1 respectively, is about 3%, which is much smaller than the discrepancy of LO cross sections with these two scale choices (about 10%).
In Figs.4(a,b,c) , we present the LO and NLO QCD corrected distributions of the transverse momenta of the final Z 0 -boson, H 0 -boson and leading-jet (p
T ) for the process pp → Z 0 H 0 j + X with µ = µ 0 at the √ s = 14 T eV LHC, by adopting the inclusive and exclusive event selection schemes, respectively. The corresponding Kfactors (K(p T ) ≡ dσ NLO dp T / dσ LO dp T ) are also shown in these figures. The analogous plots for the pp → Z 0 H 0 j + X process with µ = µ 0 at the √ s = 7 T eV LHC are presented in Figs.5(a,b,c) . In these 6 figures, the curves by applying the inclusive event selection scheme demonstrate that the NLO QCD corrections generally significantly enhance the LO differential cross sections for the pp → Z 0 H 0 j + X process, especially in the range of p
T < 150 GeV , while the curves by adopting the exclusive event selection scheme show that the NLO QCD corrections increase the LO differential cross sections only in the low transverse momentum ranges of p
We also see from Figs.4(a,b,c) and Figs.5(a,b,c) that the NLO QCD correction does not obviously change the shape of the LO distribution of the final particles by using both the inclusive and exclusive event selection schemes. For the further analysis of the uncertainty due to the scale variation, we take another scale choice, i.e., by implying the scale µ 1 = curves for two scale choice are quite similar, but the curves of K(p T )-factor for µ = µ 1 are somewhat more stable than the corresponding ones for µ = µ 0 . It seems that the scale choice of the phase space dependent scale µ = µ 1 is more appropriate than the fixed one µ = µ 0 for the Z 0 H 0 + jet production process at the LHC. 
Summary
In this work, we present the a full treatment of the next-to-leading order QCD corrections to the observables of the pp → Z 0 H 0 j + X at the early ( √ s = 7 T eV ) and future ( √ s = 14 T eV ) LHC. We investigate the dependence of the LO and the NLO QCD corrected cross sections on the renormalization/factorization scale, and study the LO and NLO QCD corrected distributions of the transverse momenta for the final particles (Z 0 , H 0 , leadingjet) by adopting the inclusive and exclusive event selection schemes. By taking µ = µ 0 = (m Z + m H )/2, m H = 120 GeV and the jet constraint of p (j)
T > p cut T,j = 50 GeV , we find the K-factors for the total cross section have the values of 1.183 (0.988) at the √ s = 14 T eV ( √ s = 7 T eV ) LHC by adopting the inclusive and exclusive schemes, respectively.
Our numerical results also show that the NLO QCD corrections obviously modify the LO integrated and differential cross sections, and significantly reduce the scale uncertainty of the LO cross section by adopting either the inclusive or the exclusive schemes. We find also that a scale choice like
T ) seems to be more appropriate than the fixed scale µ = µ 0 . where the summations are taken over spins and colors of all particles involved.
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